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ABSTRACT

Internal instability is a phenomenon whereby seepage induced internal erosion of finer fraction occurs in granular soils to
an extent to cause permanent changes in their original particle size distributions. Hitherto, various empirical criterion for
assessing the potential of instability have been proposed that demarcate the original particle size distribution curve of
subject soil to obtain arbitrary coarser (i.e. filter) and finer (base) fractions and apply some well-accepted filter criterion to
examine if the former can retain the latter. However, there is no universal agreement on how to demarcate the above
division point as well as none of the existing methods provide 100% correct information on instability potential of soils. In
this study, a grading entropy based internal instability criterion is proposed for assessing the instability potential of soils. In
essence, the information from particle size distribution curve can be described in the normalized entropy diagram using
the concept of grading entropy. The entropy of select soil gradations characterized as stable and unstable could be plotted
in the normalized entropy diagram and differences between these curves and subject optimal soil gradations were analyzed
using the principle of maximum entropy. A large body of published experimental data could be successfully examined for
its correct potential of instability compared to two well-accepted existing methods that sufficiently verified the rigor of this
new entropy based criterion. Moreover, the proposed criterion formulated on the basis of firm scientific understanding of
the phenomenon could successfully capture the true potential of instability of most narrowly-graded, well-graded, gap-
graded and widely-graded soils using only two normalized entropy coordinates of a given particle size distribution curve.

RESUME

L'instabilité interne est un phénomene par lequel I'érosion interne induite par infiltration de la fraction plus fine se produit
dans les sols granulaires dans une mesure qui provoque des changements permanents dans leurs distributions
granulométriques d'origine. Jusqu'a présent, différents critéres empiriques pour évaluer le potentiel d'instabilité ont été
proposés pour délimiter la courbe de distribution granulométrique originale du sol sujet afin d'obtenir des fractions
arbitraires plus grossieres (filtre) et plus fines (base) et appliquer un critére de filtre bien accepté. le premier peut retenir le
dernier. Cependant, il n'y a pas d'accord universel sur la fagon de délimiter le point de division ci-dessus, et aucune des
méthodes existantes ne fournit une information correcte a 100% sur le potentiel d'instabilité des sols. Dans cette étude,
un critere d'instabilité interne basé sur I'entropie de granulométrie est proposé pour évaluer le potentiel d'instabilité des
sols. En substance, linformation provenant de la courbe de distribution granulométrique peut étre décrite dans le
diagramme d'entropie normalisé en utilisant le concept d'entropie de granulométrie. L'entropie de certaines granulométrie
de sol caractérisées comme stables et instables pourrait étre tracée dans le diagramme d'entropie normalisé et les
différences entre ces courbes et les granulométrie optimales du sol ont été analysées en utilisant le principe de I'entropie
maximale. Un grand nombre de données expérimentales publiées pourraient étre examinées avec succes pour déterminer
leur potentiel d'instabilité par rapport a deux méthodes existantes bien acceptées qui ont suffisamment vérifié la rigueur
de ce nouveau critére basé sur I'entropie. De plus, le critere proposé formulé sur la base d'une compréhension scientifique
ferme du phénomeéne pourrait bien saisir le véritable potentiel d'instabilité des sols les plus gradués, bien classés, classés
et bien classés, en utilisant seulement deux coordonnées d'entropie normalisées d'un donnée courbe de distribution de la
taille des particules.

1. INTRODUCTION soils would be governed by specific combinations of their

geometric and hydromechanical characteristics such as

Seepage induced internal erosion in granular soils were
observed to be the major causes of failures of hydraulic
structures worldwide, i.e. up to 50% of total failures so far
(Israr et al, 2016; Richards and Reddy 2007). These
failures were recognized as internal instability phenomena
in to the form of contact erosion, backward erosion and/or
concentrated leak, whereby the finer particles erode
through the soil skeleton causing mutation of hydraulic
characteristics and the reduction of shear strength under
seepage flow (Indraratna et al. 2017; Israr, 2016; Chang
and Zhang, 2013). A soil which is susceptible to loss of its
finer fraction is termed as internally unstable. Instability in

particle size distribution (PSD), constriction size distribution
(CSD), external loading, critical hydraulic gradients and
associated levels of effective stress. Geometric and
mechanical conditions affect the potential of internal
instability whereas hydraulic conditions govern the
onset of any instability (Chang and Zhang, 2013;
Indraratna, et al. 2015). Nevertheless, most dam failures
occurred due to the absence of an adequate filter to protect
the internally unstable base soils. Thus far, various
geometrical assessment methods have been proposed to
investigate the instability of soils based on PSD and CSD


mailto:jisrar@uow.edu.au

of soils, where the latter would also incorporate the effects
of compaction (e.g. Sherard 1979; Kenney and Lau 1985;
Burenkova 1993; Indraratna et al. 2011; Indraratna et al.
2015; Israr and Indraratna 2017). This paper purports to
examine the potential of internal instability of granular soils
based on their PSD curves.

As a pioneer, USACE (1953) investigated the “inherent
stability” of a soil mixture of sand and gravel to find its own
ability to resist the occurrence of segregation and piping.
Istomina (1957) suggested an internal stability criterion for
granular soils using the coefficient of uniformity, Cu, and
proposed an internal stability criterion based on Terzaghi’s
filter rule. For completeness, this criterion divides the
particle size distribution (PSD) curve into finer (erodible
particles) and coarser (stable particles) fractions. Notably,
Sherard (1979) and Kezdi (1979) independently proposed
criterion similar to that of Istomina (1957).

Later on, Kenney and Lau (1985) introduced an internal
stability index (H/F)mn obtained from particle size
distribution curve to examine the internal instability
potential of soil (F = the mass fraction finer than particle
size d and H = the mass fraction between particle size d
and 4d). Indraratna et al. (2011) extended the constriction
based retention criterion of Raut and Indraratna (2008) to
evaluate the potential of suffusion in granular soils.
Indraratna et al. (2015) combined the criterion of Kenney
and Lau with the controlling constriction model of
Indraratna et al. (2007) to capture the effects of soil's
relative density (Rd) and proposed a more accurate
constriction size distribution (CSD) based method to
assess the potential of internal instability. Nevertheless, the
determination of CSD of a soil would require complicated
programs or experimental procedures to follow that may be
the reason why PSD based methods are still very popular
in practice (Indraratna et al. 2016; Israr and Indraratna
2017).

The concept of grading entropy was first proposed by
Lérincz (1986), whereby the information of particle grading
curve can be expressed properly as a group of parameters
using grading entropy theory, which is already applied in
the research areas of dry bulk density and separation
processes of granular materials, the change of grading
curves due to soil crushing, and stability criterion for piping
and segregation (L&érincz 1990; L&rincz et al. 2015). This
current study deals with the assessment of internal
instability potential based on soil's PSD curve. Adopting the
concept of optimal soil gradation based on the principle of
maximum entropy, a novel grading entropy based simple
but effective procedure has been proposed for prompt
assessments of internal instability potential. In addition, the
proposed method was examined for a large published
dataset that showed good agreement with the experimental
results.

2. GRADING ENTROPY METHOD

The particle size distribution (PSD) curve is a fundamental
parameter for granular materials that contains significant

information such as particle sizes, constriction sizes, as
well as entropy distribution etc. The entropy is a quantity of
the theory of probability and is determined by the following
equation:

S =—Xxp()log, p(x) )
According to the equation (1), the particle size distribution
curve can be divided into several statistical cells, and then
the specific entropy can be given in the following form:

s=-Yyalog, a; (2

where q; is the frequency of the i-th statistical cell. In order
to use the statistical entropy theory to express the
distribution of particles, a double statistical cell system is
used (L6rincz 1986). The PSD curve is discretized into
several fractions with the sizes as a 2 multiplier geometric
series (e.g. d=0.0625, 0.125, 0.5, 1, 2 mm), which is the
same as a mechanical sieve analysis (Figure 1). Each
fraction is also discretized by the minimum grain diameter
into an imaginary elementary cell system and the limiting d
values for the ith fraction in terms of dmin can be expressed
as follows:

2idmin = di < 21‘+1dmin (3)

Each fraction has a relative frequency xi, which
corresponding to value of weight percent in soil grading
curve, it concludes that (L&rincz et al 2015)

Lix=1 x20, N=1 4)
In this case the frequency of i-th statistical cell within i-th
fraction is equal to

_x
@ =1 )

Where, q; is the frequency of the i-th statistical cell in i-th
fraction; C; is the number of elementary cells in i-th fraction.
Inserting Eq. (5) into Eg. (2) gives a specific entropy value
(s) of each fraction i, then we can sum the specific entropy

for each fraction and get the grading entropy of the soil:
1

§ = -5 XiL;, xiloga x; + XL, x;log, C; )
Eqg. (6) can be spilt into two parts
S=A5+S, )

Where AS and S, are the entropy coordinates, AS is called

entropy increment, S, is called base entropy, and they can
be expressed as follows:

AS = =3I, x;logy x; (8)

So = %iLi, x;log, C; ©)

In order to study the character of the grading entropy on

relative levels, the two component coordinates (AS and S;)

of grading entropy may be normalized as follows (L&rincz

1986):
A= So—Somin _ _ I xi(i-1) (10)

Somax—Somin A N-1
S
=— (11)
Where, A and B are termed as relative base entropy and
relative entropy increment, respectively; Somin @and Somax
are eigen-entropy of the smallest and largest fractions in
the mixture.

3. MAXIMUM GRADING ENTROPY OF SOIL

Three series of optimal soil grading curves with maximum
entropy based on the principle of maximum entropy were
calculated and their particle size distribution curves were
analyzed.



According to the principle of maximum entropy, the
maximum S can be achieved using Lagrange multipliers as
follows (Lérincz et al, 2015; Singh, 2014):
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Figure 1 Discretization of particle size distributions to
grading entropy cell system.

Where: Lyaxs IS the Lagrange function of maximum S;
AYN . (x; — 1) is the Lagrange multiplier and corresponding
constraint. Differentiate the Lagrange function with respect
to the relative frequencies, x;, and equate the derivative to
zero, we can obtain
1

% = 2"z = cons. (23)
According to Equation (13), we can easily find that the
optimal PSD curve in this condition is a straight line when
S=Smax, and its slope will decrease with the increasing N.
(See Figure 2). Now, following the same procedure as
maximum S, the following equation can be obtained for the
case of maximum AS :

x1=x2=x3="-=xN=1/N (14)

From equation (14), it is easily to find that PSD curve is a
straight line in the semi-logarithmic coordinate system (log
d —P), when AS = ASy.x- This means the optimal PSD
curve in this condition is log linear when AS = ASyay, and
its slope decreases with the increasing of N. (See Figure
3). Similarly, the following two equations can be obtained
for the case of maximum B:
N_q

- -1 N_q
ASwaxs = — [(N = Da" =22+ 1] 5= +1og, ©=2 (15)

— 1 [NtoN_ L 1
Amaxp = N-1 [aN—la a1t aN—l] (16)

From equations (15) and (16), we can plot Figure 4 to
interpret the relationship among maximum B, maximum
AS, and maximum A. Figure 4 shows the maximum S and
maximum AS are special cases of maximum B, with the
increase of grading parameter a, the distributions of
maximum B and maximum AS illustrate the same
tendency. Maximum S is also a special case of
maximum AS, there are two points of maximum S in the
distribution of maximum AS and maximum B, compared to
only one point of maximum AS in the distribution of
maximum B.

Combining normalized entropy coordinates A and B, the
relationship between A and B can be shown in Figure 5a,
as well as its corresponding PSD curve (Figure 5b). Figure
5a shows the distribution of A-B is a semi-ellipse.

Given that the cases of maximum S and maximum AS are
special cases of maximum B, so the grading curves in the
condition of maximum grading entropy B are general
optimal grading distributions. This means all the particle
size distribution can be described in A-B space, wherein
the internally unstable soils would plot inside some area
within A-B space.

4., SOIL STABILITY ASSESSMENT AND
VALIDATION OF PROPOSED MODEL

Based on above analysis, a new assessment method for
evaluating the potential of internal instability of granular
soils is proposed based on grading entropy.

1. Calculate the grading entropy using equations (3)-(11)
based on discretization PSD (Fig. 1), get A and B.
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2. Revise B with a correction coefficient, get an updated B’
as follows:

B' = B X log,c\,“ a7)
3. Connect point (0,0) with the vertex of A-B curve and the
vertex with point (1,0) (See Fig. 5a), and get following
equation:
—2_4, 0<A<05
In(2)

2 2 4 05<A4<1 (18)
In2) In(2"’ T T T

B =

4. The soil can be finally assessed as have a potential of
internal instability when the random B’ < B.

In order to show the application and validation of proposed
model, a laboratory dataset of 46 samples is evaluated
using the proposed model and two commonly used
geometric criterion (i.e. Kenney and Lua 1985; and Kezdi
1979), as shown in Table 1. These soils contain uniformly-
grade, gap-graded, well-graded and broadly-graded soils
with their uniformity coefficients varying between 1 and
136.

From Table 1, there are 4 and 10 inconsistent predictions
from Kenney and Lau's and Kezdi's criterion, and 3
inconsistent predictions from the current model. Notably,
these 3 conservative assessments from the current model
include 2 samples from Aberg (1991) and 1 from Indraratna
etal. (2015). Nevertheless, all three criterion conservatively
identify sample G of Aberg (1991) as internally unstable.
However, rest of the conservative assessments from
current model are not the same from the other two
criterions. This implies that the proposed model differs
significantly from the criterion of both Kenney and Lau
(1985) and Kezdi (1979) and is more conservative. This is
mainly because the existing criterions are merely based on
the slope of the particle size distribution (PSD) curve
(Chapius 1992), whereas the proposed model is based on
the grading entropy, which accounts for the complexity and
the uncertainty of soil grading.

Although the potential of internal instability is governed by
particle size distribution, compressibility and other decisive
factors; the proposed geometrical model is solely based on
grading entropy. Nevertheless, while there are some
inconsistent predictions, the current model can predict the
potential of the internal instability more accurately as well
as safely compared to the two existing criterions.

Based on the above analysis, it is found that the proposed
entropy based model could be used to assess the potential
of internal instability for published test data with more
accuracy. The advantage of this method is that it can be
applied easily for the prompt assessment of internal
instability potential, for instance, two normalized entropy
coordinates can be easily calculated from the particle size
distribution curve, then using equations (16 to 18) or Figure
5a, the potential of internal instability of soils can be
evaluated.

5. CONCLUSIONS

Three series of optimal particle grading curves based on
grading entropy, principle of maximum entropy and the
corresponding particle size distributions were analyzed. A
new prompt geometrical criterion for assessing potential of
internal instability was proposed based on principle of



maximum entropy and the following conclusions were
drawn:

e There are three conditions of maximum grading
entropy based on the theory of grading entropy such
as maximum S, maximum AS, and maximum B related
to three series of optimal particle grading curves.

e The optimal grading curves in condition of maximum B
are general optimal grading distributions, with the
condition of maximum AS as the vertex of the curve,
and the condition of maximum S on the curve. So the
optimal grading curves in condition of maximum B can
be commonly used.

e An assessment criterion of the potential of internal
instability of soil based on the principle of maximum
entropy was proposed, which mainly using two of
normalized coordinates of grading entropy to evaluate
the internal stability of soils. The new criterion
accounted for the complexity and the uncertainty of
soil grading from a new perspective, and it can be
simply used.

e The analysis showed that the proposed entropy based
criterion for assessing the potential of internal
instability proved to be more accurate and safe
compared to many existing criterion.

e The proposed method can be used for granular soils
(e.g. granular filters for dams and railway subgrade)
with allowable dico greater than 96 mm, as illustrated
for the existing test data.
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